Introduction
Petri nets are a formal tool for the modelling and validation of logical properties of parallel and distributed systems (see Peterson [7] or Silva [8] for general references). We consider a Petri net as being composed of a finite set of places numbered from 1 to p, and a finite set of transitions numbered from 1 to d.
Each place can contain an integer number of 'tokens'. A p-tuple of null or positive integers X = (X 1 ,...,X p ) will be called a 'marking' and X i will be interpreted as the number of tokens in place i. The evolution of the marking is determined by the firing of transitions. We denote by c ik the number (positive, null or negative) of tokens added to place i when transition k is fired. The matrix C = (c ik ), i =1,...,p, k=1,...,d is called the incidence matrix of the net. A transition can be fired only when there are enough resources in the system. That is, if the number of tokens in each place is not negative after the firing. A characterization of structural boundedness (see Brams [3] ) can be given: Theorem 1.1 [3] . Let R be a Petri net with incidence matrix C. The three following statements are equivalent:
ii) There is no g ≥ 0 such that Cg > 0.
iii) There exists f > 0 such that f t C ≤ 0.
In order to be useful as a performance evaluation tool, a timing interpretation has been added to the Petri net model, leading to stochastic Petri nets (see Molloy [5] , Ajmone Marsan et al. [2] , and Florin and Natkin [4] ). 3 The purpose of this paper is to give necessary and sufficient conditions for the boundedness in mean of a stochastic process related to the evolution of the markings of a stochastic Petri net. To achieve this goal, we use tools that have been applied to the problem of optimal stopping of a process in discrete time, and particularly, the process of essential upper bounds (see Neveu [6] Given a probability space (Ω, f, P) and a family (f t , t ≥ 0) of sub-σ-fields of f, continuous from the right, let (T r , r∈N*) be a sequence of stopping times for (f t , t ≥ 0), such that We define the continuous parameter process (X t , t ≥ 0), of p components, as follows:
This process can be interpreted as the description of an evolution of markings in a stochastic Petri net, with p places, d transitions, incidence matrix C and initial marking X 0 . Condition (2.1) ensures that (2.2) is a non-negative process.
We consider in what follows the discrete parameter processes N r = N T r and X r = X T r . The equation X T r = X 0 + CN T r is denoted by X r = X 0 + CN r . This process will be called stochastic Petri net.
Boundedness in mean and stochastic conservation.
In the structural analysis of a Petri net, with incidence matrix C and initial marking X 0 , the net is In the first case we try to obtain a conservative behaviour in each path and in the second, a conservative behaviour on average.
The first case is too constraining to be useful. The second is a suitable approach but there are not enough stochastic tools for its development. Therefore, it seems convenient to follow an intermediate approach and carry out the search for a p-dimensional random variable f = (f 1 ,...,f p ), satisfying the following conditions: Let Λ be the set of all stopping times for (f r ). The expected number of tokens at a stopping time S∈Λ is E(X # S ). Therefore, we can generalize the concept of boundedness (see section 1) in the following way.
Definition 2.2.2. A stochastic Petri net (X r ) is called bounded in mean if
The stochastic Petri nets related to a structurally bounded Petri net are also bounded in mean. We can easily find unbounded Petri nets whose related stochastic
Petri net is bounded in mean.
However, there are some unbounded stochastic Petri nets in cases in which boundedness should also be expected. For instance, the stochastic Petri net which models an ergodic M/M/1 queue is not bounded in mean. This fact justifies a less exigent condition of boundedness, which we presently put forward.
Boundedness and stochastic conservation until a stopping time T. Let L be a class of stopping times for (f r ). On the assumption that X(S) is a f S -measurable
and integrable random variable for each S∈L, we can give the following definition.
Definition 2.3.1. The family {X(S), S∈L} is an L-supermartingale if E(X(V)|f U ) ≤ X(U), for all U,V∈L, where V ≥ U.
If the variables X(S) are positive, we can drop the hypothesis of integrability over X(S) in definition 2.3.1. In this case, we say that {X(S), S∈L} is a generalized L-supermartingale.
We are interested in the behaviour of the stochastic net until a stopping time T, (i.e until some condition is fulfilled or some event is observed). Therefore we take L = { S : S∈Λ, S ≤ T} and generalize definitions 2.2.1 and 2.2.2 in the following way.
Definition 2.3.2. A stochastic Petri net is called stochastically conservative until the stopping time T if there exists a L-supermartingale dominating (X # S , S≤T).

Definition 2.3.3. A stochastic Petri net is called bounded in mean until the stopping time T if sup
Usually we take, as stopping time T, the first hitting time of (X r ) in B, 
A characterization of boundedness until a stopping time T
In this section we present a characterization of boundedness of (X r ), a positive sequence of random variables adapted to (f r ), until a stopping time T.
Two alternative stochastic generalizations of theorem 1.1 are derived as corollaries.
Given a fixed stopping time T, let L = {S : S∈Λ, S ≤ T} and let us denote by L U the set of all stopping times of L which are greater than or equal to the stopping time U. We refer to (Y(U), U∈L), where
as the family of essential upper bounds.
It can be shown (see Adell [1] ) that the family (Y(U), U∈L) is the smallest generalized L-supermartingale dominating (X U , U∈L).
In order to study the family (Y(U)) we point out that there is a correspondence between the sets L and M = {S∧T : S∈Λ} (S∧T stands for inf(S,T)). This correspondence suggests that we take the sequence (X r∧T ) instead of (X r ) and consider the sequence {r∧T, r∈N} as a generating system, in the sense 
iii) There exists an L-supermartingale dominating the family of random variables (X S , S∈L).
Proof
As (Y N (r∧T), r = 1,...,N) is a supermartingale, then
The supermartingale condition holds: [ii) ⇒ iii)] Let (Z r ) be a supermartingale dominating (X r∧T ). Then [ ii) The stochastic Petri net (X r ) is stochastically conservative until the stopping time T.
iii) There exists a supermartingale dominating (X # r∧T ).
Corollary 3.2 allows us to give an example of a stochastic net which is bounded whereas its underlying Petri net is not. Let (X r ) be the Petri net which models an M/M/1 queue whose mean interarrival time is greater than the mean service time (i.e., an ergodic queue). The regenerative character of the sequence enables us to prove that (X r ) is stochastically conservative until the instant of entrance in B, where B is a set of finite cardinal from the space of states E (for example, B = {0}). That is to say, (X # S , S ≤ T B ) is an L-supermartingale and the net is bounded in mean until the stopping time of 'regeneration' in B.
If the stopping time T is infinite a.s. then, according to definitions 2.2.1 and 2.2.2, the next result follows. 
A necessary condition for boundedness
The following result gives a necessary condition for boundedness in mean of stochastic Petri nets. 
Q.E.D.
The next corollary can be easily inferred. For stochastic Petri nets bounded in mean until the stopping time T an analogous result to theorem 4.1 can be stated. In the same way, and analogous to corollary 4.2, a necessary condition for the boundedness in mean until a stopping time T can be derived.
